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VIL Problems concerning Interpolations. By Edwarcl 
Waring, M. D. F. R. S. andoftbe InJlituteofWrnoxCx^y 
Lucafian Profejfor of Mathematics in tbi Univ^rjity cf 
Cambridge* 



Read Jan. 9, Tk 4[R. BRiGGS was the firft pcrfon, I believc, 
'"'"• ^^ that invented a method of differences 
for interpolating logarithms at fmall intervals from each 
other: his principles were followed by Reginald tod 
MOVTON in France. Sir isaac newton, from the fattie 
principles, difcovered a general and elegant folution of 
the abovementioned problem: perhaps a ffiU morfe ele- 
gant one on fome accounts has been fince difcovercid by 
Mefll NicHOLE and Stirling. In tlie following the&rettis 
the fame problem is refol ved tod rendered Idmewhai: 
more general, without having any recourfe to finding the 
fucceffive differences. 



T H 1; O RE M I. 



Afliime an equation a^bx-kcx^-^-dx'^ . . . . A;"""'==y> 
in which the co-efficients ^, b^ c^ d^ e^ &c, are invariable ; 

I a let 
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let a, jS, y, ^y By &c» denote /^values of the unknown 
quantity x^ whofe correfpondent values of y let be re- 
prefenfeed by s*, ^^ s^^ i^^> a^ &c. Then will th^ eq^ia- 

a-^X«-yX«-^X«~sX &c. ^-axi^-yX^-^X^-sX, &c. 

^mmmtmmmm ^/m^H^iKmmmm mm^mmmmmm m^mmmmn* ^m^hhm^Mm* 'Mmmmmmm*. -«mm««*«hv mwmmmhm 

A- — flfrX*"— iSXA' — ^XA — sX &c. ^ Jf— «XJf-~^x;f— yx;f--f X &c. > 

a. — - — == — ■ X 8^4- ' . ■ ^ ^ 

' y— *Xy~^Xy--^Xy--8X &C. J~«X ^-^x5 — yX ^--*X 6cc. 



.V — «X^~iSx A" — yX ^- — ^ X&C. 



.«—«;>$,«;-:, ft X 6;-r;y;Ki«'r^^x 6a:. 



XS'+&C. 



B E IVJ O N S T R A T I Q N*. 

Write ^ for ;x? m the equation y ^ 

*--j3X:.»5^,X ^-^;^,^.-r6;x &C. ■ £XX Jtf-r y X >K^Xi]?^ii.X &G. /» 

■ ,-, ' . '■- — ^.,. •,. „ . ' — ^ g* ^ - . -I Kg Qt^JL. 

«.-:^>^a-ryX»-^;<a-~8X &C. ^-a X^-yX^-rlx^-r « X &C, 

&;c. ; and all the terras but the firft in the xefulting equa- 
tion will vaniftivfw each of them contains in its^ nume- 
rator TLi^QXX-yx^xro^^oyzvA the equation will be- 

come y=: - ^-^ ^ •' ■--^" • -^ ■ ■ - -^ — • -f^ x- s'^^ss^^ In the fame 

-^ »—pX<*—y Xa--^X<»-~tX&C. 

manner, by writing 0^ y, (5^^ s^ &:c. fuccefiively for a; m 
the given equation it may be proved, that when x is 
equal to ^, y, (j; f , See. then will y become refpeftively 
s^, s% s^, s', which was to be demonftrated. 

a, Aflume >'=:^Ar''+^Ar^+'+r^^+^*+flrA;^+3* . . . ^r+^TIx. 
and when x becomes a, ^g, y, <?, f, &c. let y become re-. 

fpedively 
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ipcflawly s% s^^ s^,. s^, s.% &g.; then \^il\ y - 



u''xx''-$'xx'--y'xx'--yxx'- /x Sec. 

,i„„ I — _ . ^ g « 



Af'"'x;p'-«*X^*-y'XA^'-^'x;^'-.' x&c. 



._. _ y o^ 



^'*:X'iS^-«*x^'~y'x^'~^'x^'-.' x'&c. 



y''x^'-flt^XAr'~g'x^'--^'x^'- i^X Sec, y ^ 

y''x>-*--**Xy''-^0'xy^-.^'xy'— •* X &C. 

This may be demonftrated in the fame manner as::v 
tfee preceding theorem, by writing «,, iS, y, (5i g, &c. fuc:*- 
ceffively for x^ 

p R o B L E M» 

Let there be n values^, AVr^yh 8tc. of the quantity a;^,, 
to which the n values s*^ s^, sr, sVs% &c. of the quan- 
tity j^ correfgond; fuppofe, thefe quantities to be found 
by any fun(£kioH X of the quantity x;\et jty ^, cr, r, See* 
be values of the quantities at, to which s'^, s?, sf, st, Scc^ 
values of the quantity y correlpond: for x fubftitute it^ 
abov€roa:itioned values^ 7r,fr(r> Tf&c. in the function X, 
andlet the quantities refulting be s^yS^y s^'y j"^, Sec. not 
equal to the precedi»g^ s'', s^j s"^, s% &c. refpeftively ; to 
find a quantity which added to the function X Ihall not 
only give the true valu^ of thequaatity/correfponding 
to the values 0C9 jS, y, Ji 5, &c. of the quantity Xy but alfo 

cor- 
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correfponding to the values tt, f, cr^ r, &c, of the above- 
mentioned quantity x. 

Affume ^*-s''=T'', jr«-s^=T^, j'-^s'=t', x''-s''2:t% 
&c.; then the errors of the function X will be refpec- 
tively T'^, T^, T% T% Sec; and the correcting quantity 
fought may be 



ir--«X9r--/JX w — yX T — ^XT—iX &C. ^— gX «r— o"X fl^ — t X &C, 



;«r~aX;^ — 0XAr— yXA- — ^Xjv—eX &C. AT — w X *—<r X AT— t X &C. 
^_«X ^— i3x e — y X e— ^Xf— IX &c, ^— wx f — o^Xf — '"X &€• 



;tf — »x;r— ^XA^— yx;tf — ^X^— « X &c. x-^vxx — ^xx—rxkc. 

o._dtXsr-.i3x<r — y X<^ — ^Xfl-— « X&C. er— ?r X <r — ^ X cp — ^ X &C. 



x — aXx-^exx-^ yXx — ^Xx — t X &C» ;if — t X ;ir — $ X A" — «• x&C. 
T — aXT — jSx T— yXT—^X r— « X &€• r — tX — Xt — o-X&C. 

Alit.er. 



Let a; — ^ X a; — jS xx — yxAT — cfxAT—fx &c. x x — it 



X x—p X a;~o-x .x:~T X &c.=N ; tt-oc x tt— /Sx tt— y x tt— (J^x tt— g 
x&:c.x7r--^x7r~<7X7r-Tx&c.=n; ^-ax^— jSx^— yx^— (Tx 
/>~5x &c. x^-TTx^— crx^—Tx &c. = P; a'-uxcr— ^xa—yx 
cr— d'xo'-sx &c. xcT'-Trxo'-^x^— Tx &:c.=2; r-axT-jSx 
T-yx T-(rx T-6 X Sec. X T-TT X r-^x T-crx &c.=T,&:c.; then 



— -^ 



4- 



^Xx-^^ 



tjsCt rT%t 



4- — =. + — -=^ + &C.). 

£X;r-<r TxA*~T 



This 
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This problem may be.demonftrated in the fame man- 
ner as the preceding theorems, by writing for x in the 
correaing quantity Lceffively its value, li, .. r, 8cc. 

2. For the corredling quantity fought may be affumed 

the quantity £^^ x g^^^' x ^^ x &^> x -^^ x -£? x i^ 

«.'-.» x/~i5*X X'-yX le-^'x &CC.XVX w'-^'x v^- a 



X x' — -r^ X &c. ^^ , ;r*-- a'x at'— iJ' X *•' — y* X ^'-- ^' X &:c. X at'' X *'*— tt* 

■ ■ " ;, X T + r=== :, ■ ■ ■ ' .,,— :;j,j a« 

x^t'-t'x&c. ^'-«Xf'-^'xf'-y xe*-^'x &c. x/xe*~«"* 

—..^.=2= — ' xr^+ &:c. 

X /-<^'xe*~T'x &c. 

3. In general, let z be any quantity which is = a,, 
when X becomes either a, ^, y,;(5', e, &:c.: let z become; 
fucceflively a, b, c, d, &c. when a? becomes, 5r,^„(r,.T,, 
&c. refpe<Stively . When x either =; ^, cr, r, &c, let n == (? ; : 
but if Ar=7r, let 11=/: in the fame manner when x either 
= TT, (T, T, &c^ let P=^ ; but when x-^ let P=r : and limi^ 
larly, letX^o when x is either ?r, ^ , r, &c, ; but when . 
a; = (T let 2 = ^: and like wife, when x. is either tt, ^, cr, &c. . 
let T=<?; but when x^t let T=/: &c, then for the cor- 

reiiing quantity fought may be affumed ^^^x'V^-^ 

— x — X T«-f--rX — X T^4-— X — x T'^^ &C> 



T H E- 
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T H E O Ji E M. 



Aflume {n) quantities a^ 0^ y^ I, 0, Sec, then will the 
fum of all the (n) quantities of the following kind 



« feW 



JL . _^ ^ "^ . , ,.^, ^„. .^ 



miwi » iii«ii»iii n i n imiw 



^^Xr— ^xr3xr-«x &c. ' ^— «x^-i3x^^--y x«^—« x &c, 

-I- &c. = 9, if ^ be any whole 



f— «Xi— ^X» — yXf— ^X &C. 

number lefs than n-i; btit if^ = ;i - 1 j then will the 
above mentioned fiim= i. In general^ the fum of the 

«— ^X »— y X a— IXa— I X &C, 

■■■ m ill i hw t i— ww.» II — I— i j|j ;i __ i j»; ii M gw»i« w ^.ii iw 1 ^^ ii i;«j Wr i jii i W> -<w w _M '.ii. M i W i j y ii m- » m< »V" * v < ' o tm ' * • "* ** «ii»ii« n i*wiiii»iW i »ii l i> W < » ' $ " 

y— a Xy— ^X y— "IXy— s &c» 

'■ I 'wi i fi' i i t I y ^ I. J « i»i . i j'jt ii! ...J,.-:- -^— > SA..-^ia:j »»< w» ' .T^."U ' > ■<» ■■'■' I «■ ■ 1— «— — «fci» *!* 

^— « xl-5x^— y X ^1 X &C. 

•*• ( j^jgyBrc, + «jg| &c> + «yl&c. + ^yl&c. ^. &.) , e^^ ^ 

i-^aX^-^Xi-^Xt^^-ffX&Ci " 

if m be lefs than 1^, and m-¥r not equal to ^-i, where r 
is equal to the number of letters contained in each of the 
contents above mentioned /8y(5i &c. ^ye, &c. jSIf, &c* 
yl^i, Sec. &c, &c. refpe^kively : but if ^+r = #-i, then 
will the above mentioned fum = =1= i • it will be -f i if r 
be an even number, otherwife- i, 

4 BBMOH* 
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DEMONSTRATION. 

a + 3B + C2^ + de^ + ee"^ + Sec. = s', mtiltipir 
thefe equations into a, b, c, d, e, 8cc. unknown co-effi- 
cients to be inveftigated, and there refult 

axs*=a^+a^^ + ac^^ + a#^^+a^<;c^4-&c. 

cxs'y=:ca+ci^y+ccy'''¥Qdy^ + cdy'^+Scc. 
Bxs^-Da-^Bi^i+DCP+BdP+DdP+Scc^ 

E xS'3E^+E^e + E^£^ + E^g^+E#l'^4'&C* &C. &C. 

Now fnppofe as* + bs^+ cs"^ + bs^+ es' + &e. =^ -^^xa- cx- 
^dx^+ex'^+Scc. and the correfpondent parts refpe£tively 
equal to each other ; that is, # ( a + b + c + d + E + Sec.) = a ; 

6 (A^ + B^+Cy+D J'+mg + &cJ)=^^; A«^4-BiS''4'Cy* + Dl* 
+ Eg*+ &G. =:x^;- MO^^ + 3 ^^ -^ cy^ + jyp + E £^ -h SHc, =x^; 
Aa'*+BjS'*4-cy^+Di'*4-Eg'*4- &:c, =:x\ &CC.Z But it foUows 
from Theorem 1. that (if as* + bs ^ + cs^ + m^+ es* + &:c.. 

tzar-¥dx+cx^-¥dxHexHZccXA- — i — =r^-=T^r 
Vo In** LXIX* K B =2 
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•J >— • • I I 1 ^ 1 _ H I I III! ■ I. n III. . 1 ■ ■ II . /^ y~* • - ' -11 . _ m > II III I II m ill _ , m i > 

^_«><^_yX^-^X^-«X&C./ y-«Xr~^Xy-iXy~,X&C.* 



j^_igx>v~ ^X^— yx^ — 6X&:c» ^— «xjr — ^X* — y xa^— ^x&c. 

""F^X^-^X^-yX^-aX&c.^ r-axTlTf X i~.yX£-IX&:c.^ 

8^c.: fubftitute thefe values for a, b, c, D| e, Sec, relpec- 
tively in the preceding equations (a+b + C4-d + e + &:c, = i , 

Eg^H- 8cc, = Ar% A<;ft^4•BiS^ + C5/^4•D(J^ + Eg^+&c• = ;\;^, Sec.) 

* — ^ X.V — y X ^ — I X .^' — i X &C» 

a -^ X *- y X « - ^ X « - 1>^ &c. 



and there refult the equations (i) 



^ — aXV — yXA—^X.V— SX&C, *'--«Xa' — ^X* — IXA? — iX&C, 

4" •■;,"" ■ ■■;; "i ===:: — ====r-- — ■ + -—r-z ...i ii; ',: — si 1 — «»ai- ' 4. Rrf* — T • 

^-«x^-yX^-^Xi^-iXacc. y-<*Xy-^xy-^Xy-fX&e. » 



/-^\ Ar -^X^-yX^-^X^-tX& c. -. ^-~<»X;r-y x;r-IXAr-.x &€• 

I 2» 7 ^ 'X ^ -a— --i- ' j^jujf ;i;:;.iii ;:; :. ^.i': ; . ' ' - -~ -|- H X i . , ■ , 

\ ^^ «-^x»-yX<»-lx»-«X&c. ^ ^-»X^-yX/3-^x#~.iX&c, 

\5J^ a-^X-^-yX^-^X*— iX&c, ^ ^-«X^-yX^-^xl-^x&c» 
. t ^J^Xj^-^X^^X^^X&c. _ , , . 

+ -y X ^== — — - ■ — > ^ . = X : and m general. 

/ y^«Xy-^Xy-^Xr-tX&c. ' S^nciai, 

«-l3X«-yX »-^X«~iX&c. ^ ^-^«x^~yX^- ^X ?^X&c. 

, ^ ^x ^^x^^xl^^ »^ ^x^^x^x^TiTy ac^^^ 

+ &c.=,jr'", whatever may be the values of the quantities 
x% oif 0j y, ^, f, &c. : reduce all thefe fraaions into terms, 
proceeding according to the dimenfions of the quantity 
X, and it is evident, that the fum of all the fraaions mul- 
tiplied 
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tiplied into any dimenfion of x not equal to m will be 
zz o ; but the fura of all the fi actions multiplied into x^ 
will be = I : from this propofition the theorem is eafily 
deduced. 

I have invented and demonftrated from different prin- 
ciples to the preceding the firft part of this theorem, a 
particular cafe of which was publiftied by me many years 
ago. 

From this theorem may eafily be deduced feveral 
others of a fimilar nature.. 




K % 



